The structural properties and thermodynamics of one-and two-component solutions of charged colloidal particles with explicit counterions have been investigated by Monte Carlo simulation. A boot-strap Poisson-Boltzmann ͑BSPB͒ theory has been developed to interpret these results and the accuracy of its predictions is compared with other existing theories. The BSPB was also used to predict the gas-liquid binodal and spinodal curves for a one-component system with colloid charge to counterion-charge ratio Z r ϭ10.
I. INTRODUCTION
Over the past decade, the interest in charged colloidal solutions has grown enormously. Charged colloidal solutions can be investigated using the primitive model, in which all charged species are treated on an equal footing. The structural and thermodynamic properties of the solution can be calculated by Monte Carlo ͑MC͒ simulations, and within statistical uncertainty, they provide exact answers for the given model. However, this approach is highly resource consuming and the time needed to complete the simulations can be quite substantial, particularly for highly charged systems. Therefore it is desirable to develop a simple but reliable theoretical approximation to determine the structural and thermodynamic properties of these systems.
Charged colloidal solutions can be investigated experimentally using small-angle neutron scattering ͑SANS͒ experiments. Partial structure factors may be measured in solutions containing various proportions of heavy water and directly compared with simulation results and predictions from simple liquid theories. Lutterbach et al. 1, 2 have presented SANS measurements for a two-component dispersion of highly charged polystyrene and perfluorinated particles at a volume fraction of approximately 9%. They compared their partial structure factor measurements between the colloidal particles with theoretical predictions from the hypernetted chain integral equation and found good agreement. Ottewill et al. 3 have used SANS to measure partial structure factors for more dilute two-component suspensions containing salt, for volume fractions around 3%. In general, relatively low volume fraction solutions are desirable for SANS experiments to reduce the effects of multiple neutron scattering. However, due to long-ranged interparticle interactions such systems can exhibit significant liquid-like structure.
Here we present a new theoretical approach to calculate the structural and thermodynamic properties of charged colloidal solutions using a boot-strap Poisson-Boltzmann ͑BSPB͒ theory. Comparisons of the structure, internal energy, and pressure are made with Monte Carlo simulations of one-and two-component charged colloidal solutions to assess the accuracy of the BSPB theory.
II. MODEL
Charged colloidal solutions can be investigated using the primitive model ͑PM͒, in which the large colloidal particles and small ions are represented as charged hard-spheres with differing hard-sphere radii R ␣ , number density n ␣ , and valence Z ␣ , obeying the electroneutrality condition
The interaction potential between two ionic species ␣ and ␤ at a distance r between their centers, is taken to be made up of a hard-sphere ͑hs͒ part and a Coulomb ͑Coul͒ part,
where the hard-sphere and the Coulomb interactions are given by
where e is the protonic charge. The solvent is treated as a dielectric continuum with a relative dielectric permittivity .
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III. SIMULATION ASPECTS
Simulation studies of one-component charged colloidal solutions with explicit counterions have been done by Linse and they are described in an earlier publication. 4 It contains a comprehensive set of MC results over a wide range of saltfree colloidal solutions for structure, internal energy, and pressure. Although there are both colloidal particles and counterions in the system, it is referred to as a onecomponent colloidal solution because the number density of counterions is directly proportional to the number density of colloidal particles due to electroneutrality.
Simulation studies of two-component colloidal solutions have recently been undertaken. The system consists of a common counterion species and two like-charged but different sized colloidal particles, denoted as the large ͑L͒ and small ͑S͒ colloids. The number ratio of small to large colloids was varied to investigate the effect on ͑i͒ the structure and ͑ii͒ the electrostatic internal energy of the two-component colloidal solutions.
All of the MC simulations were done using the canonical ensemble. The particles were enclosed in a cubic box and periodic boundary conditions were applied. The long-ranged Coulomb interaction was handled by the Ewald summation technique using conducting boundary conditions, and the mobility of the colloids was enhanced by the use of the cluster move technique. 5 The simulations involved 20 000 MC passes ͑attempted moves per particle͒ for equilibration and then 60 000 passes for production runs. All the simulations were performed using the integrated Monte Carlo/molecular dynamics/Brownian dynamics simulation package MOLSIM.
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IV. THEORY
A. General theory
The structure of a colloidal solution can be quantified by means of radial distribution functions ͑rdfs͒ g ␣␤ (r), which measures the relative density of a particle of type ␤ at a distance r from a particle of type ␣. The total correlation functions h ␣␤ (r)ϭg ␣␤ (r)Ϫ1 can be calculated directly from computer simulations or from liquid state theory by solving the Ornstein-Zernike ͑OZ͒ equation, which relates total correlation functions h ␣␤ (r) to direct correlation functions c ␣␤ (r),
͑5͒
where n ␥ is the bulk number density of species ␥. The rdfs also obey the local electroneutrality conditions about an ionic species of valence Z ␣ ,
͑6͒
This condition expresses the requirement that the total net charge surrounding a particular charge of valence Z ␣ must exactly cancel the charge on that particle. This condition provides a check on any approximate expressions for g ␣␤ (r).
Determination of the rdfs enables the calculation of the electrostatic internal energy per unit volume of the system,
Taken individually, each integral in Eq. ͑7͒ diverges because of the long-ranged nature of the electrostatic potential; however, the divergences, when taken together, will cancel because of the bulk electroneutrality condition, Eq. ͑6͒. In Eq. ͑8͒, the integrals that determine the electrostatic internal energy per unit volume have been broken down into components. The first term comes from integrating beyond the hard-core radii of the charged species ␣ and ␤ to infinity. The second term comes from integrating inside the hard-core radii of the particles and will be referred to as the electrostatic excluded volume contribution. The Helmholtz free energy F is the important thermodynamic quantity required to investigate phase behavior. The Helmholtz free energy of this system can be separated into an ideal gas contribution 
͑9͒
By employing a coupling constant or charging integration, the electrostatic contribution to the Helmholtz free energy can be evaluated using the formally exact relation
where
. This method is often referred to as the charging process. The Coulomb free energy contribution is always cohesive and tends to destabilize the system. In other words, the net Coulomb repulsion between like charged species is outweighed by the net Coulomb attraction between species of opposite charge. The ideal and hard-sphere contributions are stabilizing terms and the combination of all three terms allows for the possibility of a liquid-gas like phase separation under certain circumstances.
The total system pressure P can be calculated from differentiation of the Helmholtz free energy with respect to volume,
Alternatively, the total pressure P can be calculated using the virial path
where N is the total number of particles in the system. The first term in Eq. ͑12͒ is the ideal contribution, while the second and third terms account for the Coulomb and hardsphere contributions, respectively. For a one-component system, the critical point and spinodal curve of the gas-liquid phase transition can be obtained through
However, for two or more components the technique for locating the critical point and the spinodal curve is more complicated. Up until now, all the results are completely general and a theoretical method is required to calculate the distribution functions and then the subsequent thermodynamic quantities.
B. Boot-strap Poisson-Boltzmann "BSPB… theory
We will now outline the BSPB theory, which can be used to calculate the approximate rdfs for a general solution of colloidal particles and point ions. Let n J be the number density of colloids of valence Z J and hard-sphere radius R J and n i be the number density of point counterions of valence Z i . Electroneutrality requires that
There are three distinct types of rdfs that characterize this type of solution. These are the colloid-colloid, g JK (r), colloid-ion, g Ji (r), and ion-ion rdfs, g il (r). Consider the mean electrostatic potential ⌿ J (r) about a given colloidal particle J, which obeys the Poisson equation
͑15͒
We adopt this approach in order to make mean-field approximations for the colloid-ion and ion-ion interactions. Let us assume at this stage we have expressions for all the colloidcolloid rdfs g JK (r) and that the colloid-ion rdfs are given by the Boltzmann approximation
then Poisson's equation for the potential ⌿ J (r) becomes
with the following boundary conditions:
Equation ͑17͒ is a nonlinear differential equation for ⌿ J (r) if all the g JK (r) are known. Now consider the mean electrostatic potential ⌿ i (r) about a given point ion i, which obeys the Poisson equation
͑19͒
This time, we shall assume to have expressions for all the colloid-ion rdfs g iK (r) and use the linearized Boltzmann approximation for the ion-ion rdf
Poisson's equation for the potential i (r) becomes
͑21͒
with the appropriate boundary conditions
Equation ͑21͒ is a linear differential equation for i (r) if all the g iK (r) are known.
V. ONE-COMPONENT SOLUTIONS
To begin with, we shall focus on the one-component solutions consisting of one type of colloidal particle and one type of point counterion species. Let n M be the number density of colloids of valence Z M and hard sphere radius R M and n I be the number density of counterions of valence Z I . Electroneutrality requires that
The BSPB initially relies on the knowledge of the colloidcolloid rdfs to calculate the colloid-ion rdfs by solving Eq. ͑17͒ and then calculate the ion-ion rdfs by solving Eq. ͑21͒. For a one-component system, the colloid-colloid rdf can be calculated approximately using an effective Yukawa pair potential in which the presence of the counterions is taken into account via a screening constant. For the effective pair potential between colloidal particles, we use the form
where M is the total volume fraction and Z M eff is the effective colloidal charge, which may be much smaller than the actual charge Z M . An effective charge is used to adequately account for the non-linear accumulation of counterions near the colloids while still using a linear theory. We followed the charge renormalization procedure proposed by Alexander et al. 9 In this procedure, the linearized Poisson-Boltzmann ͑PB͒ equation is a spherical Wigner-Seitz cell is solved with the effective charge Z M eff adjusted to match the counterion density at the cell boundary ͑i.e., the pressure͒ obtained from the nonlinear PB equation. We used the same screening parameter for the pair potential as specified by Alexander et al. 9 as K* in their Eq. ͑I.4͒, which depends on the effective density of counterions, where
This definition of was found to give good agreement with the MC simulations in a previous study by Lobaskin and Linse.
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For a one-component system of colloids interacting via a Yukawa pair potential, Hayter and Penfold 10 obtained an analytic solution of the OZ equation using the closure of the mean spherical approximation ͑MSA͒. With dilute dispersions, however, this solution yields unphysical, negative values of the rdf at small separations. Hansen and Hayter 11 overcame this problem by assuming the existence of an impenetrable boundary layer around each particle and rescaling the MSA solution, which became known as the renormalized mean spherical approximation ͑RMSA͒.
We used the RMSA to calculate a rescaled particle diameter and then the colloid-colloid rdf g M M (r), and found this to be an effective technique to initiate the BSPB. With an expression for g M M (r), Eq. ͑17͒ for the potential ⌿ M (r) around a colloid was solved numerically to determine the colloid-counterion rdf g MI (r). Finally, using the approximate form for g MI (r), Eq. ͑21͒ for the potential I (r) around a counterion is solved numerically to determine the counterion-counterion rdf g II (r).
Linse 4 has previously reported a comprehensive set of MC results for the structure, reduced internal energy, and reduced pressure for a wide range of solutions. We present predictions of the BSPB model for structure, internal energy, and pressure and compare them with the corresponding MC results. The system can be completely described in terms of three nondimensional variables ͑i͒ the colloid to counterion charge ratio Z r , ͑ii͒ the colloid volume fraction M , and ͑iii͒ the electrostatic coupling parameter or inverse temperature ⌫ II , defined according to the following:
where L B ϭe 2 /kT is the Bjerrum length, k is the Boltzmann constant, and T is the temperature. In the following, separations will be scaled by the colloid radius R M .
A. Structural properties
A typical structure comparison is presented in Fig. 1 BSPB and MC colloid-colloid rdfs are shown in Fig. 1͑a͒ . Each curve displays the typical characteristics for a fluid, which has a pronounced first maximum at some interparticle distance, followed by successive minima and maxima of reduced amplitude. The general agreement between the two curves is very good and remains so for lower and higher coupling strengths. The BSPB first maximum occurs at r/R M ϭ7.3 and the amplitude value is 1.36, while the MC first maximum occurs at r/R M ϭ7.9 and the amplitude value is 1.41.
The BSPB and MC colloid-counterion rdfs are shown in Fig. 1͑b͒ . The curves are sharply peaked at r/R M ϭ1, which demonstrates a strong accumulation of counterions near the colloid surface in the double layer. The BSPB contact value at r/R M ϭ1 is 122, which is near the extrapolated MC value of 124. The BSPB first minimum occurs at r/R M ϭ4.03 and the amplitude value is 0.58, which compares well with the MC minimum at r/R M ϭ3.88 with an amplitude value of 0.44. The agreement between the two curves remains good at lower and higher coupling strengths, although the predicted contact values are better for low coupling strengths.
The BSPB and MC counterion-counterion rdfs are compared in Fig. 1͑c͒ . There is an inconsistency in that the counterion-counterion rdf is linearized with respect to the mean electrostatic potential, whereas these correlations can be quite large at high coupling strengths. For r/R M у3, the agreement is very good, but inside this region the BSPB cannot predict the intricate details of the MC counterioncounterion rdf. The broad MC peak for r/R M р2 reflects the strong spatial correlations between counterions in the double layer of the same colloid. There is a sharp edge in the MC curve at r/R M Ϸ2, which indicates a rapid drop in the local density of counterions outside the double layer that the mean-field BSPB cannot reproduce. The MC peak value occurs at r/R M Ϸ0.3, and its position changes as the state point is varied. There is a less pronounced peak in the BSPB curve at r/R M ϭ1, which does not change as the state point is varied. It is due to the discontinuity in the function g MI (r/R M ) at r/R M ϭ1 when solving Eq. ͑17͒ for the potential around a counterion.
In Fig. 2 , the heights of the colloid-colloid rdf first maximum from the BSPB model and MC simulations, g M M max (r/R M ), are plotted against coupling strength for Z r ϭ80 and M ϭ0.01. For very low coupling strengths, the height of the first maximum increases with coupling strength, which corresponds to a more ordered colloid-colloid structure. The height of the first maximum reaches a peak value at the coupling strength ⌫ II ϭ0.178 and above this value, the height decreases due to increased screening effects of the counterions. The BSPB model is capable of predicting all of these features in very close agreement with the MC simulations.
B. Thermodynamics
Internal energy
Internal energies were calculated via Eq. ͑8͒ using the BSPB distribution functions. This method allows the separation of the electrostatic internal energy into the following 
It is useful to separate the total energy into these components and compare the BSPB and MC values to examine the accuracy of each term. In Tables I and II, Tables I and II , whereas the SPB and MSA are only in good agreement with the MC values for a small number of state points. The BSPB energies are in particularly good agreement with the MC values for low volume fraction M and low coupling parameter ⌫ II , because the BSPB predictions of the colloid-colloid distribution function g M M (r/R M ) and consequently the colloidcolloid energy E M M ͑which comes from integrating g M M (r/R M )) are very accurate. In this region of phase space, E M M is the dominant contribution to the total internal energy. The colloid-counterion E MI and counterion-counterion E II energy contributions are less significant because the accumulation of counterions near the colloid surface is relatively low, so correlations between these species are weak in this region.
In general, the BSPB internal energy estimates become less accurate as either M or ⌫ II is increased. The main source of error in the BSPB model comes from the relatively poor prediction of ion-ion correlations. As either the volume fraction M or coupling parameter ⌫ II is raised, the accumulation of counterions near the colloid surface increases and colloids-counterion and counterion-counterion correlations become more significant. As a consequence, the colloidcounterion E MI and counterion-counterion E II contributions to the internal energy become relatively more important. For ⌫ II у0.178, E MI replaces E M M as the dominant contribution to the internal energy.
Pressure
The BSPB pressures were calculated via the virial path (BSPB v ) using Eq. ͑12͒. In Table III , they are compared with the MC pressures, and the SPB pressures via the virial (SPB v ), charging (SPB ch ), and compressibility routes (SPB c ) in the ( M ,⌫ II ) plane at Z r ϭ40. Like the internal energy values, the BSPB pressures are in excellent agreement with MC values for low M and low ⌫ II , but become less accurate as either of these system parameters is increased. There is considerable uncertainty in the virial path to calculate the pressure because it requires a very precise knowledge of the colloid-counterion contact value g MI (R M ). The pressure is determined by the small difference of two large numbers-a negative Coulombic contribution and a positive hard-core repulsion. 7 The BSPB contact values g MI (R M ) are most accurate for low coupling strengths ⌫ II , and become less accurate as ⌫ II is increased. This explains why at the highest coupling strength, ⌫ II ϭ0.712, the BSPB v , SPB v , and SPB ch can predict unphysical negative pressures.
C. Phase Behavior
Spinodal and binodal curves were determined using the BSPB internal energy path ͑BSPE e ͒ and they are compared in Fig. 3 with the MSA curves 13 and the MC simulation curves of Reščič and Linse, 14 which are only available for Z r ϭ10. The BSPB e binodal and critical point are in much better agreement with the MC results than the MSA. A comparison of the critical point predictions using the BSPB e , SPB eh , MSA e and extended Debye-Huckel ͑EDH e ͒ 15 theories for Z r ϭ10, is presented in Table IV. It was not possible to locate any spinodal curves for Z r у20 using the BSPB e . This is somewhat surprising considering the good agreement between the BSPB and MC rdfs and internal energies, but if one examines the internal energies in the ( M ,⌫ II ) plane at Z r ϭ40 in Table II it can be understood. For the highest coupling strength, ⌫ II ϭ0.712, the BSPB internal energies are in better agreement with the MC values than the SPB or MSA values for all the volume fractions considered. However, the trend is for the BSPB internal energies to decrease as M is raised. Whereas the MC, SPB, and MSA internal energies all increase as M is raised, which is the correct type of trend conducive to a liquid-gas type separation. Hence the trend in the BSPB internal energies is in error at high coupling strengths, which leads to its failure to predict spinodal curves for Z r у20. This failure in the BSPB theory can be attributed to its underestimation of the counterion-counterion repulsion at small separation. For Z r ϭ10, it is still possible to find the spinodal using the BSPB model because the error in predicting ionion correlations is not significant enough to inhibit the liquid-gas separation. 
VI. TWO-COMPONENT SOLUTIONS
Subsequent to the work of Hayter and Penfold, Ginoza 16 -18 developed an analytic solution of the OZ equation for mixtures of Yukawa particles under the MSA closure. We used Ginoza's solution with a rescaling argument ͑RMSA͒, together with a charge renormalization 9 scheme to calculate the correlation functions between mixtures of colloidal particles. Ginoza 17 provides a method for solving the OZ equation ͑4͒ with the Yukawa closure
where R ␣ and R ␤ are the radii of species ␣ and ␤, K, z, d ␣ and d ␤ are constants. Ginoza's solution builds on the previous work by Baxter 19 and Blum and Høye. 20 To apply Ginoza's solution to the model system we need to express the direct correlation functions c ␣␤ (r) in the form of Eq. ͑29͒ using the MSA,
For the effective pair potential between colloidal particles of type J and K, we use the general form derived for large colloidal size and charge
where is the total volume fraction, Z J eff and Z K eff are the effective colloidal charges, and is the screening parameter, which depends on the effective density of counterions, where
The constants in Eq. ͑29͒ can now be specified
zϭ.
In the RMSA, particles are assigned an effective hard sphere diameter larger than or equal to their true diameter by some scale factor sу1. Ginoza 16 -18 outlines an iteration scheme, which we have followed to find this s.
The BSPB was applied to a system containing like charged large ͑L͒ and small ͑S͒ colloidal particles and a common neutralizing counterion species ͑I͒. We used Ginoza's RMSA solution to determine the rdfs between the colloidal particles and then the BSPB theory in Sec. IV to calculate the remaining rdfs involving the counterion species. In such a system there are now six relevant distribution functions to consider; namely the ͑i͒ L -L, ͑ii͒ L -S, ͑iii͒ S -S, ͑iv͒ L -I, ͑v͒ S -I, and ͑vi͒ I -I. Let n L be the number density of large colloids of valence Z L and hard sphere radius R L , n S be the number density of large colloids of valence Z S and hard sphere radius R S and n I be the number density of point counterions of valence Z I . Electroneutrality requires that
The state of the two-component colloidal solution is uniquely specified in terms of six nondimensional variables:
We investigated the effect of adding different number ratios (N R ϭn S /n L ) of small colloids on ͑i͒ the structure of the large colloids and ͑ii͒ the electrostatic internal energy. The properties of the system were chosen to be similar to those used in the SANS experiments of Ottewill et al.,
The coupling strength and large colloid volume fraction are the same as in the one-component example in Fig. 1 , which is the system with no small colloids. All separations have been scaled by the large colloid hard sphere radius R L .
A. Structural properties
The BSPB and MC rdfs are compared in Fig. 4 strong accumulation of counterions near the surface of the large colloid, analogous to the one-component system. The BSPB L -I contact value is 101, which is a slight overestimate of the extrapolated MC value of 93. The L -I contact value in the two-component solution is approximately 25% lower in comparison with the M -I contact value in the onecomponent solution. The main explanation for the reduced L-I contact value is that the average concentration of counterions has increased due to the extra counterions accompanying the small colloids. The S -I curve peaks at r/R L ϭ0.4, and indicates a reasonable accumulation of counterions near the small colloid surface. The BSPB contact value is 13.2, which also is a slight overestimate of the extrapolated MC value of 11.5. The I -I rdf in Fig. 4͑f͒ is very similar to Fig. 1͑c͒ for the one-component solution.
The BSPB and MC two-component rdfs are shown in Figure 5 at a higher ratio of small colloids to large colloids of N R ϭ8 at the same coupling strength. Using the phase space In Figs. 5͑a͒, 5͑b͒ , and 5͑c͒ the BSPB and MC L -L, L -S, and S -S colloid-colloid rdfs are shown. The BSPB L -L first maximum is at r/R L ϭ4.94 and the peak value is 1.21, while the MC L -L first maximum is at r/R L ϭ5.88 and the peak value is 1.22. The BSPB prediction of the L -L first maximum position gets progressively worse as the ratio of small to large colloids is increased. In Figs. 5͑d͒ and 5͑e͒ the BSPB and MC L -I and S -I rdfs are shown. The BSPB L -I contact value is 63, which very slightly overestimates the extrapolated MC value of 61.1. The L -I contact value is considerably reduced compared with the value for the ratio of N R ϭ2. The BSPB and MC S -I contact values are 11.3 and 10.7, respectively, which are also lower than the respective values for the ratio of N R ϭ2.
B. Thermodynamics
Internal energies were calculated using Eq. ͑8͒ from the BSPB distribution functions using the charging process. For   FIG. 5 . ͑a͒ Large-large, ͑b͒ largesmall, ͑c͒ small-small, ͑d͒ largecounterion, ͑e͒ small-counterion, and ͑f͒ counterion-counterion rdfs from MC simulation ͑solid curves͒ and BSPB theory ͑dotted curves͒ for a this system, the electrostatic internal energy can be separated into seven terms to examine the strengths and weaknesses of the BSPB theory,
The BSPB reduced internal energies are compared term by term with the MC values in Table V for selected number ratios of small to large colloids between 0 and 16. The BSPB energy terms become less accurate compared with the MC terms as the ratio of small to large colloids is increased. This trend reflects the agreement between the BSPB and MC structures, which is generally better for low number ratios such as the N R ϭ2 case in Fig. 4 than for high number ratios such as the N R ϭ8 case in Fig. 5 . The LL, SI and II energy terms are in considerable error for the N R ϭ16 case. However, the BSPB and MC total energies remain in good agreement for all the number ratios considered. This is misleading since it is due to the cancellation of errors between overestimated and underestimated energy terms. Overall, the BSPB theory is more reliable for low ratios of small to large colloids.
VII. CONCLUSIONS
We have developed the BSPB theory to calculate the distribution functions and thermodynamic quantities for oneand two-component charged colloidal solutions. The BSPB distribution functions have been compared with MC simulations with explicit counterions, and the thermodynamic quantities have been compared with both MC simulations and other theoretical predictions. The BSPB appears to give better agreement with the MC simulations for the thermodynamic quantities than any of the other existing theories. The strength of the BSPB theory is that it takes into account, to some extent, the effect of colloid-colloid correlations and high charge asymmetries in the thermodynamics and colloid-ion correlations. At this stage, the BSPB does a relatively poor job of predicting ion-ion correlations, but these are normally small contributions to the thermodynamics, except for very high coupling strengths.
The BSPB was used to predict the gas-liquid binodal and spinodal curves for a one-component solution with a colloid charge to counterion-charge ratio Z r ϭ10, in good agreement with the MC simulation curves. At this stage, we have not searched for any spinodal curves for systems with two colloidal species using the BSPB, because of the inability of the BSPB to predict a spinodal curve for onecomponent solutions with Z r у20. However, we hope to make improvements to the BSPB theory in the near future, such as to improve the prediction of ion-ion correlations at small separations, which will hopefully allow for a more detailed investigation of the phase behavior of charged colloidal solutions. 
